
  

 

Abstract—A method is proposed that provides estimates of the 

spatial variation of elastic moduli using local displacements of 

the elastic body. A central issue of elastography imaging has 

been the limited area of measurement. With the proposed 

method, stiffness parameter estimations are considered as 

minimization problems using finite-element models. The 

sparseness of the gradient of tissue elasticity is also exploited to 

improve estimation accuracy. Simulation experiments show that 

based on a 5% area of observation of a simple plate model with 

non-uniform elasticity the spatial variation of Young’s modulus 

is reconstructed to within 5% accuracy. This result suggests that 

the proposed framework significantly extends the area of 

estimation overcoming the limitations of conventional 

elastography techniques. 

I. INTRODUCTION 

Tissue elasticity is an important characteristic in the 
medical field, because pathological changes of tissue are 
generally correlated with changes in tissue stiffness. Most 
kinds of tumor or lesion become harder than normal tissue as 
the disease progresses. By measuring tissue elasticity, a 
quantitative diagnosis based on mechanical properties of tissue 
is then possible. For this purpose, elastography [1] was 
developed in the 1990s to measure tissue elasticity and is 
replacing palpation performed by clinicians. In the interim, 
this technique has been widely investigated to quantify 
accurately the physical conditions of organs. 

Elastography is a mode of imaging that enables tissue 
stiffness to be visualized and used to locate tumors or hard 
lesions in soft tissue. Ultrasound is widely used for 
elastography [2], particularly in the medical field for diagnosis. 
To date, two major approaches based on different types of 
measured physical quantities have been reported. One 
approach, strain elastography mapping, determines stiffness 
by analyzing the strain in tissue under stress [3]. It has the 
advantage of simple real-time measurements with high spatial 
resolution. However, accurate measurements of tissue 
stiffness are difficult because the magnitude of the applied 
external force is not proportional to the bio-tissue strain. 
Moreover, the method using focused acoustic radiation needs 
to apply external excitation to human bodies by strong 
convergent ultrasonic waves. Shear-wave elastography [4] is 
another approach providing a stiffness image by quantifying 
the propagation speed of the shear wave. Transient 
elastography is one such technique that is clinically available. 
However, transient elastography has the disadvantage in that 
measuring stiffness deep inside the body is difficult. A method 
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that can measure deep-layer tissue stiffness non-invasively is 
therefore required. 

To determine tissue stiffness and identify differing tissues, 
various methods have been reported. In [5], elastic modulus of 
tissue was estimated based on the Navier–Stokes equation by 
solving an optimization problem using a finite element (FE) 
model. Its mesh adaptation was also investigated to improve 
the accuracy of tissue-elasticity reconstruction [6]. As these 
methods show that elasticity reconstruction is possible for an 
observable area, no report has appeared investigating elasticity 
reconstruction that includes unobservable areas of elastic 
bodies. The models used in medical virtual reality simulators 
of organs [7, 8] require information of the elasticity of 
biological tissues. If such data could be obtained during 
surgery without additional hardware setup or burden, various 
areas of biomedical research and intraoperative support system 
[9] would benefit. 

We hence propose a method based on local displacements 
of the observable area to estimate the spatial variation of 
elasticity over the entire elastic body. Stiffness parameters are 
reconstructed by solving a minimization problem using FE 
models. In addition, the sparseness of the gradient of tissue 
elasticity is introduced to improve estimation accuracy. This 
implementation has the possibility of extending the area of 
elasticity reconstruction, thereby overcoming the limitation of 
conventional elastography techniques. Also, a new application 
on vision-based elastography during surgery will be possible 
because internal elastic properties may be reconstructed from 
partial observations of deformed surfaces. We performed 
simulation experiments using a simple plate model with non-
uniform elasticity. The results show that the proposed methods 
can estimate spatial variations of Young’s modulus over the 
entire elastic body including unobservable areas. Details of the 
methods and experiments are described in Sections II and III, 
respectively. 

II.  METHODS 

A. Outline of the methods 

As outlined in Fig. 1, the model assumes that the whole shape 

of the target elastic body is given, and a tetrahedral mesh can 

be configured for it. As CT or MRI imaging is available, this 

configuration is clinically acceptable. Here, we also assume 

that the elastic body has both observable and unobservable 

areas, and a point of contact is made in the observable area. 

This situation represents an external force being applied to a 

specific contact point on the elastic body, but the magnitude 
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of the force is not given because the measurement of external 

forces is difficult in clinical situations during diagnosis or 

surgery. Because of recent advances in feature-based tracking 

[10] and image recognition algorithms, we can assume that 

displacements of some sampling points have occurred in the 

observable areas. We then estimate Young’s moduli by 

solving a minimization problem based on these observed 

displacements. In the next two subsections, the problem is 

described and defined within the context of linear finite-

element theory, and details of the proposed method are 

subsequently introduced. 

B. Definition of the problem using linear finite-element 

theory 

The FE model configured in simulations (Fig. 2) 
introduces an array of 𝑚 observed vertices of a total of 𝑛 
vertices and a 𝑙 -dimensional vector 𝑬 = [𝐸0, 𝐸1, … , 𝐸𝑙−1] ∈
ℝ𝑙 of Young moduli. With 𝑬, the FE mesh model is divided 
into 𝑙 areas and we assume that each area has a unique Young 
modulus 𝐸𝑘  (𝑘 = 0, … , 𝑙 − 1) . We define 𝒇 ∈ ℝ3𝑛  as the 
force applied to the vertices, 𝒖 ∈ ℝ3𝑛 the displacement of the 
vertices, and 𝐾 ∈ ℝ3𝑛×3𝑛 the stiffness matrix. Here, Young’s 
moduli 𝑬  are one of a set of parameters constituting 𝐾 . 
Linear finite-element theory uses the following relation 

 𝒇 = 𝐾𝒖 ⇔ 𝒖 = 𝐾−1𝒇 = 𝐿𝒇. (1) 

 Known quantities 

1. Displacement of observed vertices 

Since various methods to measure the displacement have 
been reported in previous studies, we assume that the 
displacement in an observable area is obvious. For example, 
surface deformations of elastic bodies based on camera images 
[10] and internal deformations based on ultrasonography [11] 
have been reported. 

2. Positions of the contact points 

Assuming that the elastic body is an organ, the force 
exerted by forceps or a transducer of probe can be considered 
as an external force. The area where the external force is 
applied such as contact points is obvious. We assume that 
Poisson’s ratio and the positions of fixed vertices of the FE 
model are also obvious. 

 Estimation targets 

1. Young’s modulus vector 𝑬 

2. External force vector 𝒇 

 

C. Estimation method of Young’s moduli solving the 

minimization problem 

By labeling all vertices of the FE model as observed 
vertices by 𝑜 or unobservable ones by 𝑖, (1) can be rewritten 
as 

 (
𝒖𝒐

𝒖𝒊
) = (

𝐿𝑜𝑜 𝐿𝑜𝑖

𝐿𝑖𝑜 𝐿𝑖𝑖
) (

𝒇𝒐

𝒇𝒊
), (2) 

where 𝒖𝒐 ∈ ℝ3𝑚  is a given vector quantity and 𝒖𝒊  is an 

unknown vector. Extracting only that part related to 𝒖𝒐 

yields 

 𝒖𝒐 = (𝐿𝑜𝑜 𝐿𝑜𝑖) (
𝒇𝒐

𝒇𝒊
) = 𝐿𝑜(𝑬)𝒇. (3) 

The displacement of the observable vertices can be derived 
from (3). In observing multiple patterns of deformed shapes 
of the FE model, the pre-observed displacement matrix 𝑼𝑜 ∈
ℝ3𝑚×𝜔 is defined as 

 𝑼𝑜 = [𝒖1𝑜 𝒖2𝑜 ⋯ 𝒖𝜔𝑜] (4) 

where 𝜔 represents the number of patterns of the deformed 
shape of the FE model. The estimation method now involves 
updating 𝑬  and 𝒇  from initial values to those for which 
𝒖𝑜

′ (𝑬, 𝒇) are closest to the observed displacement  𝒖𝑜. The 
minimization problem based on 𝑼𝑜 can now be stated; with 
its solution, 𝑬  and 𝒇  can then be estimated. We use the 
Covariance Matrix Adaptation Evolution Strategy (CMA-ES) 
[12] to solve the minimization problem, 

 

𝑬∗ = argmin
𝑬,𝒇

𝐽(𝑬, 𝒇) 

= argmin
𝑬,𝒇

‖𝑼𝑜 − 𝑼𝑜
′

‖
𝐹

. 

(5) 

To improve the estimation accuracy, we focus on the 
sparseness of the gradient of tissue elasticity. Sparseness 
refers to the property of a matrix, the elements of which are 
mostly zero. As tumors or lesions are harder than normal 
tissue and confined, only a small region of the elastic body is 
hard, that is, the gradient of the tissue elasticity is sparse. By 
introducing the notion of sparsity, (5) is rewritten as 

 

𝑬∗ = argmin
𝑬,𝒇

𝐽(𝑬, 𝒇) 

= argmin
𝑬,𝒇

{‖𝑼𝑜 − 𝑼𝑜
′

‖
𝐹

+ 𝜆‖𝑬𝟎 − 𝑬‖1} 

(6) 

where 𝜆  is a parameter to control the sparseness of the 
gradient of elasticity. By considering sparseness, it is possible 

Figure 1. The concept of elastic modulus reconstruction 
based on observations of local displacements. 

 

Figure 2. Simple plate mesh model with observable and 
unobservable areas. 
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to add a constraint condition whereby the elasticity in most 
areas of the elastic body is uniform, so that improvements in 
estimation accuracy can be expected. 

III. EVALUATION EXPERIMENT 

A. Setting of experimental conditions 

The purpose of this simulation is to verify how accurately 
the proposed method can estimate the spatial variation of 
elastic moduli and whether the area of elasticity 
reconstruction can be extended. We implemented the 
proposed method using Visual C/C++ and conducted 
simulation experiments on a computer (OS: Windows10 
Professional, CPU: IntelCorei7-6700K, Memory: 16 GB). 

1. Boundary condition 

The FE model is configured with a mesh of 216 tetrahedra 
and 98 vertices. The positions of the fixed points and contact 
points are as indicated in Fig. 3; the number of fixed vertices 
is 14. We assume an external force using forceps or a 
transducer of a probe is exerted on the surface of an organ. 
The magnitude and direction of the external force is uniform 
over all neighboring vertices; specifically, at the contact 
points, a 10-N force is directed along (a) the -y axis, (b) the 
+y axis, and (c) the +x axis (Fig. 3). The number of observed 
vertices is set to (a) 5, (b) 10, (c) 15, (d) 20, (e) 25, and the 
number of observed vertices is incremented by 5 sequentially 
along the +x axis (Fig. 4). 

2. Young’s modulus 𝑬 

The FE mesh is divided into 36 equal parts and Young's 
modulus for each part is assumed to be that of normal tissue 
set at 1.0 MPa; the other parts are assumed to be the tumor 
with modulus 2.0 MPa (Fig. 3). In linear finite-element theory, 
the produce 𝐿(𝑬) with 𝒇 for the observed displacement 𝒖𝒐 
is not uniquely determined. Therefore, we fix Young’s 
modulus of the lower left part of the FE model in Fig. 3 to 1.0 

and estimate Young's moduli as relative values. For the initial 
values in the estimation of Young’s modulus, all elements of 
𝑬 are set to 1.0 and all elements of 𝒇 are set to 0.0. 

B. Evaluation experiment 

In this section, we describe two experiments. Experiment 
1 involved applying force-1 to FE model and estimating the 
spatial variation of Young’s moduli based only on 𝒖𝑜(1), 
where 𝒖𝑜(𝑖) is the displacement corresponding to force-i. In 
experiment 2, we focused on the pre-observed deformation 
patterns and sparseness of the gradient of the elasticity to 
improve estimation accuracy. In regard to the number of 
patterns, the more patterns we observed associated with the 
deformed shape of the elastic body, the more detail about the 
physical condition can be developed. Therefore, 
improvements in the estimation accuracy can be expected by 
solving the minimization problem based on a multiple number 
of observed displacements 𝒖𝑜. 

Denoting 𝑬 as the original Young’s modulus vector and 
𝑬′ as the estimated Young’s modulus vector, the RMS is 

 𝑅𝑀𝑆 = √
1

𝑙
∑{(𝐸′𝑖 − 𝐸𝑖)2}

𝑙−1

𝑖=0

 
(7) 

Simulations were performed 10 times, and 𝑬′  with the 
smallest value 𝐽(𝑬′, 𝒇) in (5) were taken as representative 
values. From the result of experiment 1 [Fig. 5(a)], RMS 
decreases as the number of observed vertices increases. To 
estimate Young's moduli of this model with high accuracy, 
the number of observed vertices required was about 15. 

For experiment 2, we pre-observed the displacements (i) 
𝒖𝑜(1), (ii) 𝒖𝑜(1) and 𝒖𝑜(2) , (iii) 𝒖𝑜(1) and 𝒖𝒐(2) and 
𝒖𝑜(3), and set the coefficient λ in (6) to 0.0 (non-sparse) or 
0.00003 (sparse). The results with (iii)-sparse are shown in 
Fig. 5(b) and by comparing with Fig. 5(a), it is obvious that 
our proposed approach to improve estimation accuracy is very 
effective. Fig. 5(c) represents the results of (i)-nonsparse, (i)-
sparse, (ii)-nonsparse, (ii)-sparse, (iii)-nonsparse and (iii)-
sparse for five observed vertices. From the results of Fig. 5(c), 
the RMS is reduced by about 0.1 MPa at the maximum by 
increasing the number of pre-observations, and RMS is 
reduced by about 0.45 MPa at the maximum by assuming 
sparseness in the gradient of elasticity. 

From the result for the estimated values for Young 
modulus (Fig. 6), the spatial variation over the plate of the 
model was reconstructed to within 5% accuracy based on 
observations from just 5% of its area. As a result of this 

 
Figure 3. Boundary conditions for (a) force-1, (b) force-2, and (c) force-3. White area: 1.0 MPa, Grey area: 2.0 MPa. 

Red dots: fixed points, Blue dots: free points, Green dots: contact points of an external force. 

 

Figure 4. Setting of Observation condition. 
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simulation, our proposed method can estimate spatial 
variations of Young’s modulus including unobservable areas 
based only on displacements measured in the observable area.  

IV. CONCLUSION 

We formulated a calculation method to estimate the elastic 
modulus of an extended area of tissue. In addition, we focused 
on the number of pre-observed deformation patterns and the 
sparseness of the gradient of tissue elasticity to improve 
estimation accuracy. As a result, the proposed method of 
estimation was found to give improved accuracy and proved 
to be very effective. In conclusion, it was confirmed that the 
proposed method can estimate spatial variations of the elastic 
moduli and extend the area of elasticity reconstruction. In 
future work, we shall use models of organs of more 
complicated shape and aim to shorten the simulation times. 
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Figure 5. (a) (i)-nonsparse. (b) (iii)-sparse. (c) Comparison with results from five observed vertices. 

 

 
Figure 6. The number of observed vertices is 5. (a) Estimation error of (i)-nonsparse. (b) Estimation error of (iii)-sparse. 

(c) Estimated Young’s moduli of (iii)-sparse. 
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